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EXACT STRING SOLUTIONS AND THE OPEN STRING - D-BRANE
SYSTEM IN NON-CONSTANT BACKGROUND FIELDS I.
P. Bozhilov 1,
Department of Theoretical Physics,
”K. Preslavsky” University, 9712 Shoumen, Bulgaria
New exact string solutions in non-constant background fields are found and it is shown that
some of them are compatible with the boundary conditions for the open string - D-brane system.
Extension of the constraint algebra is proposed and discussed.
PACS number(s): 11.25.-w, 11.27.+d, 11.25.Sq, 11.10.Lm
1 Introduction
Obtaining exact solutions of the nonlinear probe string equations of motion and con-
straints in variable external fields is by all means an interesting task with many possible appli-
cations. One such application is connected with the recent investigations of the open string -
D-brane system in non-constant background fields [1]-[5]. Of course, in this case, one is forced to
use different approximations in order to get explicit results. That is why, it is interesting to see
to what extent our knowledge about the existing exact string solutions can help us in considering
this dynamical system. More concretely, which kind of solutions are compatible with the mixed
boundary conditions characterizing the open string - D-brane system.
In this letter, we consider a few types of exact solutions of the probe string equations of
motion and constraints in non-constant background metric and NS-NS two-form gauge field.
Then we check their compatibility with the open string - D-brane boundary conditions. It turns
out that there exist one type of exact string solutions, which gives also nontrivial solution of
the mixed boundary conditions for the open string - D-brane system. After that, we reinterpret
the conditions for existence of such solutions as a set of constraints and compute their Poisson
bracket algebra.
2 Exact string solutions in non-constant background fields
In this section, our aim is to describe several types of exact solutions for a string moving
in background gravitational and NS-NS fields. To this end, we start with the sigma-model action
for D-dimensional space-time
S1 = −T
2
∫
d2ξ
[√−γγmn∂mXM∂nXNgMN (X)− εmn∂mXM∂nXNBMN (X)
]
, (1)
∂m = ∂/∂ξ
m, ξm = (ξ0, ξ1) = (τ, σ), m, n = 0, 1, M,N = 0, 1, ...,D − 1,
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where T = (2piα′)−1 is the (fundamental) string tension, Gmn(X) = ∂mX
M∂nX
NgMN (X),
Bmn(X) = ∂mX
M∂nX
NBMN (X) are the pullbacks of the background metric and antisymmetric
NS-NS tensor to the string worldsheet, and γ is the determinant of the auxiliary metric γmn.
Varying (1) with respect to XM and γmn, we obtain the equations of motion
−gLK
[
∂m
(√−γγmn∂nXK
)
+
√−γγmnΓKMN∂mXM∂nXN
]
(2)
=
1
2
HLMNε
mn∂mX
M∂nX
N ,
and the constraints
(
γklγmn − 2γkmγln
)
∂mX
M∂nX
NgMN (X) = 0, (3)
where
ΓKMN =
1
2
gKL (∂MgNL + ∂NgML − ∂LgMN )
is the connection compatible with the metric gMN and
HLMN = ∂LBMN + ∂MBNL + ∂NBLM
is the BMN field strength. From now on, we will work in the gauge γ
mn = constants.
First of all, we will try to find a background independent solution of the equations of motion
of the type
XM (ξ) = FM (anξ
n), an = constants.
It turns out that such solution exists when γmnaman = 0. This leads to
XM (ξ) = FM± (u±), u± = −
1
γ00
(
γ01 ± 1√−γ
)
ξ0 + ξ1,
or
XM (ξ) = FM± (v±), v± = ξ
0 +
1
γ11
(
−γ01 ± 1√−γ
)
ξ1,
where FM± are arbitrary functions of their arguments. The main consequence of the obtained
result is that for arbitrary background fields there exist only one solution, FM+ or F
M
− , but not
both at the same time. In other words, we have only chiral background independent solutions
of the string equations of motion. On the other hand, it must be noted that these are not
solutions of the constraints (3). Taking a linear combination of the two independent constraints,
we can arrange one of them to be satisfied, but the other one will give restrictions on the metric.
However, it can be shown that in the zero tension limit, the background independent solutions of
the string equations of motion are also solutions of the corresponding constraints. Moreover, this
result extends to arbitrary tensionless p-branes [6]. It corresponds to the limit (−γ)−1/2 → 0,
taken in the expressions for u± and v±. Let us also note that in conformal gauge, the obtained
string solutions FM± (u±) and F
M
± (v±) reduce to the solutions X
M
± (σ ± τ) and XM± (τ ± σ) for
left- or right-movers. These are known to be the only background independent non-perturbative
solutions for an arbitrary static metric, which are stable and have a conserved topological charge
being therefore topological solitons [7].
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A step further is to search for exact solutions of the string equations of motion and of the
constraints of the type
XM (ξm) = FM± (w±) + y(ξ
0), or XM (ξm) = FM± (w±) + z(ξ
1), (4)
where w± = u± or w± = v±. The desired property of such ansatz is to allow for the separation
of the variables ξ0 and ξ1. It can easily be shown that this is achieved only when FM± are linear
functions of w±
FM± (w±) = C
M
± w±, C
M
± = constants.
In the zero tension limit, the condition for separation of the variables ξn is less restrictive and
gives
FM (w) = CMF (w), w = u or w = v,
where F (w) is arbitrary function and we have omitted the subscripts ± because in this case
w+ = w− = w.
As far as every physically relevant background metric has some symmetries, let us split the
coordinates xM = (xµ, xa), {µ} 6= {∅} and let us suppose that there exist an (unspecified)
number of independent Killing vectors ηµ. Then in appropriate coordinates ηµ = ∂/∂x
µ and the
metric depends on xa only. We also assume that the NS-NS 2-form field has at least the same
symmetry, i.e. ∂µgMN = ∂µBMN = 0. It is natural to expect that this restrictions will give us
the possibility to find dim{µ} conserved quantities (independent on ξ0 or ξ1 respectively). It
turns out this is indeed the case, when CM± = (C
µ
±, 0). To be more specific, let us use the ansatz
Xµ (ξm) = Cµ±u± + y
µ
(
ξ0
)
,
Xa (ξm) = ya
(
ξ0
)
.
In order to give a unified description of the tensile and tensionless string solutions, we parame-
terize the auxiliary metric γmn as follows:
γ00 = −1, γ01 = λ1, γ11 = (2λ0T )2 − (λ1)2.
Then the Euler-Lagrange equations and the independent constraints take the form [8] (the over-
dot is used for ∂/∂ξ0)
gKLy¨
L + ΓK,MN y˙
M y˙N + 2λ0TCµ± (HKµN ± 2ΓK,µN ) y˙N = 0,
gMN (y
a)y˙M y˙N = 0, (5)
Cµ±
[
gµN (y
a)y˙N ± 2λ0TCν±gµν(ya)
]
= 0. (6)
The corresponding conserved quantities are
gµN y˙
N + 2λ0TCν± (Bµν ± gµν) = B±µ = constants. (7)
They are compatible with the constraint (6) when B±µ C
µ
± = 0. Using (7), the equations of
motion for ya and the other constraint (5) can be transformed into
2
(
haby˙
b
). − (∂ahbc) y˙by˙c + ∂aV ±B = 4∂[aB±c] y˙c, (8)
haby˙
ay˙b + V ±B = 0,
3
where
hab ≡ gab − gaµ(g−1)µνgνb,
V ±B ≡
(
2λ0T
)2
Cµ±C
ν
±gµν +
(
B±µ − 2λ0TBµλCλ±
)
(g−1)µν
(
B±ν − 2λ0TBνρCρ±
)
,
B±a ≡ gaµ(g−1)µνB±ν + 2λ0T
(
Baλ − gaµ(g−1)µνBνλ
)
Cλ±.
If we restrict the metric hab to be a diagonal one, i.e.
gab = gaµ(g
−1)µνgνb, for a 6= b,
the equations (8) can be further transformed into
(
(haay˙
a)2
).
+ y˙a∂a
(
haaV
±
B
)
+ y˙a
∑
b6=a
[
∂a
(
haa
hbb
)(
hbby˙
b
)2 − 4∂[aB±b]haay˙b
]
= 0
(there is no summation over a). Now it is evident that we can always integrate these equations, if
all coordinates on which the background fields depend, except one, are kept fixed. In the general
case, additional restrictions on the metric and on the Kalb-Ramond field will arise, to ensure
the separation of the variables ya [8]. These conditions are such that the metric and the B-field
are general enough to include many interesting cases of (super)string backgrounds in different
dimensions. If the solutions for ya are already known, the solutions for yµ are obtainable from
(7). Let us finally note that in the framework of this approach, exact D-string solutions are also
found [8].
Our next step is to search for non-chiral solutions of the string equations of motion and
constraints, i.e. solutions of the type
XM (ξm) = FM+ (w+) + F
M
− (w−). (9)
In the particular case BMN = 0, and in conformal and light-cone gauges, it is known that such
solutions do exist [7]. To describe them, we split the string coordinates
Xi = (XA,Xα), A = 1, ...,D′ − 1, α = D′, ...,D − 2,
and assume that XA are left-movers, and Xα are right-movers
XA ≡ XA+ , Xα ≡ Xα−, (∂0 ∓ ∂1)X± = 0. (10)
The metric is supposed to be of the form
gMN =


0 1 0 0
1 0 0 0
0 0 gAB gAβ
0 0 gαB gαβ

 .
Then, the background allowing both movers is given by
gAB = gAB(X
A
+), gαβ = gαβ(X
α
−), gαB = ∂α∂Bf(X
A
+ ,X
α
−),
with f(XA+ ,X
α
−) being an arbitrary function. Obviously, there are no non-chiral coordinates in
this solution: the different chirality is associated with different string coordinates.
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Now, we are going to show that there exist exact solutions of the string equations of motion
and constraints in non-constant background fields gMN and BMN , which posses non-chiral co-
ordinates. Putting (9) in the equations of motion (2), we obtain the conditions for the existence
of such solutions:
(2ΓL,MN +HLMN )
dFM+
dw+
dFN−
dw−
= 0. (11)
For simplicity, we will consider the case when gMN and BMN depend on only one coordinate,
say r, and will give the results in conformal gauge.
In our first example, we fix all string coordinates XM except X0 and r (the remaining
coordinates are denoted as Xα). Then the conditions (11) and constraints (3) reduce to the
system of equations
∂rg00[(∂0X
0)2 − (∂1X0)2]− ∂rgrr[(∂0r)2 − (∂1r)2] = 0,
∂rB0α(∂0X
0∂1r − ∂1X0∂0r) + ∂rg0α(∂0X0∂0r − ∂1X0∂1r)
+∂rgrα[(∂0r)
2 − (∂1r)2] = 0,
∂rg00(∂0X
0∂0r − ∂1X0∂1r) + ∂rg0r[(∂0r)2 − (∂1r)2] = 0,
g00[(∂0X
0)2 + (∂1X
0)2] + grr[(∂0r)
2 + (∂1r)
2] + 2g0r(∂0X
0∂0r + ∂1X
0∂1r) = 0,
g00∂0X
0∂1X
0 + grr∂0r∂1r + g0r(∂0X
0∂1r + ∂1X
0∂0r) = 0.
Among the nontrivial solutions of the above system, there exist the following non-chiral ones:
grr
g00
=
∂rgrr
∂rg00
= −
(
∂rgrα
∂rB0α
)2
, g0r = 0,
∂rB0α∂0X
0 = ∂rgrα∂1r, ∂0X
0∂0r = ∂1X
0∂1r;
∂rgrα
∂rg0α
=
∂rg0r
∂rg00
, ∂rgrr =
(∂rg0r)
2
∂rg00
, grr =
(
2g0r − g00 ∂rg0r
∂rg00
)
∂rg0r
∂rg00
,
∂rg00∂0X
0 = −∂rg0r∂0r, ∂0X0∂1r = ∂1X0∂0r;
∂rg00
g00
=
∂rg0r
g0r
=
∂rgrr
grr
,
−
[
∂rg0α(∂0X
0∂0r − ∂1X0∂1r) + ∂rB0α(∂0X0∂1r − ∂1X0∂0r)
]
/∂rgrα
= −∂rg00(∂0X0∂0r − ∂1X0∂1r)/∂rg0r
= ∂rg00
[
(∂0X
0)2 − (∂1X0)2
]
/∂rgrr
= (∂0r)
2 − (∂1r)2.
In our second example, all string coordinates are kept fixed except X0, X1 and r. Only to
have readable final expressions, we restrict the metric to be diagonal, and the NS-NS field to be
constant. The solutions of the corresponding equations following from (11) and (3) are
∂0X
0 = +f∂1r, ∂1X
0 = +f∂0r, ∂0X
1 = +h∂1r, ∂1X
1 = +h∂0r;
∂0X
0 = +f∂1r, ∂1X
0 = +f∂0r, ∂0X
1 = −h∂1r, ∂1X1 = −h∂0r;
∂0X
0 = −f∂1r, ∂1X0 = −f∂0r, ∂0X1 = +h∂1r, ∂1X1 = +h∂0r;
∂0X
0 = −f∂1r, ∂1X0 = −f∂0r, ∂0X1 = −h∂1r, ∂1X1 = −h∂0r,
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where
f(g, ∂g) =
(
grr∂rg11 − g11∂rgrr
g11∂rg00 − g00∂rg11
)1/2
, h(g, ∂g) =
(
g00∂rgrr − grr∂rg00
g11∂rg00 − g00∂rg11
)1/2
.
As a consequence, one receives from here that the following equalities are fulfilled
(∂0 ± ∂1)X0 = f(g, ∂g)(∂0 ± ∂1)r, (∂0 ± ∂1)X1 = h(g, ∂g)(∂0 ± ∂1)r.
Therefore, we have obtained solutions which allow for all string coordinates to be non-chiral.
Till now, we considered three types of exact string solutions in variable external fields gMN
and BMN . Now, let us see which of them are compatible with the boundary conditions arising
in the open string - D-brane system.
3 The open string - D-brane system in non-constant background
fields
The action for an open string ending on a Dp-brane, in the presence of background
gravitational and NS-NS 2-form field, can be written as
S2 = −T
2
∫
d2ξ
[√−γγmn∂mXM∂nXNgMN (X) − εmn∂mXM∂nXNBMN (X)
]
(12)
−T
2
∫
d2ξεmn∂mY
µ∂nY
νFµν(Y ), Fµν = ∂µAν − ∂νAµ, (µ, ν = 0, 1, ..., p),
where Y µ(ξ) are the coordinates on the D-brane, and Aµ is the U(1) gauge field living on the
D-brane worldvolume. In static gauge for the D-brane, one identifies Y µ with Xµ. Then the
action (12) acquires the form of the action (1), where instead of BMN the field B
′
MN is present.
The latter is given by the equality:
B′MN = BMN − δµMδνNFµν .
The replacement BMN → B′MN does not change the equations of motion (2), because dF =
d2A = 0. The constraints (3) also remain the same. However, the field B′MN explicitly appears
in the expressions for the generalized momenta
PM = −T
(√−γgMNγ0n∂nXN −B′MN∂1XN
)
, (13)
and in the boundary conditions[√−γgMνγ1n∂nXν +B′Mν∂0Xν
]
σ=0,pi
= 0, (14)
Xa(τ, 0) = Xa(τ, pi) = qa, a = p+ 1, ...,D − 1. (15)
Here we have split the coordinates XM into Xµ and Xa, and have denoted the location of the
D-brane with qa.
Thus we saw that the exact string solutions, described in the previous section, are solutions
also of the equations of motion and constraints following from the action (12) in static D-brane
gauge. Now we are going to check their compatibility with the boundary conditions (14), (15).
We start by considering the case of background independent solutions FM± (w±). On these
solutions, the boundary conditions take the form:
[(
gMν ±B′Mν
) dF ν±
dw±
]
σ=0,pi
= 0,
[
F a±
]
σ=0,pi = q
a. (16)
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Expanding FM± in Fourier series one easily checks that they do not give nontrivial solution of the
equations (16). It is clear that the same will be true for the solutions (10) with XAleft-movers,
and Xα right-movers. As for the solutions of the type (4), it can be shown that the conditions
(15) lead to constant background fields, which is not the case under consideration. Therefore, to
have the possibility to get nontrivial solutions of the open string - D-brane boundary conditions
in non-constant background fields, we need to have at our disposal exact string solutions, for
which the coordinates are non-chiral. We know from the previous section that such solutions do
exist.
To be able to solve explicitly the boundary conditions, we assume that gMN and B
′
MN are
constant at σ = 0, pi. This is automatically achieved if gMN and BMN depend only on X
a, and
the U(1) field strength Fµν is constant.
From now on we will work in conformal gauge, and we choose to write down (9) in the form
XM (τ, σ) = XM+ (τ + σ) +X
M
− (τ − σ).
Using the expansions
XM± (τ ± σ) = qM± + αM0±(τ ± σ) + i
∑
k 6=0
1
k
αMk±e
−ik(τ±σ),
we find the following solution of (14) and (15)
Xµ(τ, σ) = qµ +
[
δµν τ −
(
g−1B′
)µ
ν(q
a)σ
]
aν0
+
∑
k 6=0
e−ikτ
k
[
iδµν cos (kσ)−
(
g−1B′
)µ
ν(q
a) sin (kσ)
]
aνk,
Xa(τ, σ) = qa +
∑
k 6=0
e−ikτ
k
bak sin (kσ),
where (
g−1B′
)µ
ν = g
µMB′Mν , α
M
k± =
1
2
(
aMk ± bMk
)
.
This result establishes the correspondence with the known solution of the boundary conditions
in the case of constant background fields [9].
It is clear that a crucial role in treating the open string - D-brane system in variable external
fields is played by the conditions (11), which ensure the existence of nontrivial solutions of
the type (9). Actually, (11) are the equations of motion for such type of string solutions.
However, they do not contain second derivatives. That is why, we propose to consider them as
additional constraints in the Hamiltonian description of the considered dynamical system. So,
let us compute the resulting constraint algebra.
Using the manifest expression (13) for the momenta, we obtain the following set of constraints
(∂X ≡ ∂X/∂σ)
I0 ≡ gMNPMPN − 2T
(
g−1B′
)M
NPM∂X
N + T 2
(
g −B′g−1B′
)
MN
∂XM∂XN ,
I1 ≡ PN∂XN − TgMK
(
g−1B′
)K
N∂X
M∂XN = PN∂X
N ,
IL ≡ ΓL,MNgMSgNKPSPK − T
[
2ΓL,MN
(
g−1B′
)N
K +HLMK
]
gMSPS∂X
K
+T 2
{
ΓL,MN
[(
g−1B′
)M
S
(
g−1B′
)N
K − δMS δNK
]
+HLMS
(
g−1B′
)M
K
}
∂XS∂XK .
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These constraints have one and the same structure. Namely, all of them are particular cases of
the expression
IJ ≡ KSKJ (g, ∂g)PSPK + SSJK(g, ∂g,B′, ∂B′)PS∂XK +RJSK(g, ∂g,B′, ∂B′)∂XS∂XK ,
where J = (n,L), and the coefficient functions KSKJ , S
S
JK and RJSK depend on X
N and do
not depend on PN . The computation of the Poisson brackets, assuming canonical ones for the
coordinates and momenta, gives
{IJ1(σ1), IJ2(σ2)} =
[
MK(J1NJ2)K(σ1) +M
K
(J1
NJ2)K(σ2)
]
∂δ(σ1 − σ2) + C[J1J2]δ(σ1 − σ2). (17)
Obviously, the algebra does not close on IJ . On the other hand, the right hand side is quadratic
with respect to the newly appeared structures MSJ and NJS. They are given by
MSJ = 2K
SN
J PN + S
S
JN∂X
N , NJS = S
M
JSPM + 2RJSM∂X
M ,
and satisfy the following Poisson brackets among themselves
{
MS1J1 (σ1),M
S2
J2
(σ2)
}
=
[(
KS1NJ1 S
S2
J2N
+KS2NJ2 S
S1
J1N
)
(σ1)
+
(
KS1NJ1 S
S2
J2N
+KS2NJ2 S
S1
J1N
)
(σ2)
]
∂δ(σ1 − σ2) + CS1S2J1J2 δ(σ1 − σ2),
{NJ1S1(σ1), NJ2S2(σ2)} =
[(
SNJ1S1RJ2S2N + S
N
J2S2RJ1S1N
)
(σ1)
+
(
SNJ1S1RJ2S2N + S
N
J2S2RJ1S1N
)
(σ2)
]
∂δ(σ1 − σ2) + CJ1J2S1S2δ(σ1 − σ2),
{
MS1J1 (σ1), NJ2S2(σ2)
}
=
[(
2KS1NJ1 RJ2S2N +
1
2
SS1J1NS
N
J2S2
)
(σ1)
+
(
2KS1NJ1 RJ2S2N +
1
2
SS1J1NS
N
J2S2
)
(σ2)
]
∂δ(σ1 − σ2) + CS1J1J2S2δ(σ1 − σ2).
MSJ and NJS act on PM and ∂X
M as follows{
MSJ (σ1), PM (σ2)
}
= SSJM(σ2)∂δ(σ1 − σ2)
+
[
2∂MK
SN
J PN +
(
∂MS
S
JN − ∂NSSJM
)
∂XN
]
δ(σ1 − σ2),
{NJS(σ1), PM (σ2)} = 2RJSM(σ2)∂δ(σ1 − σ2)
+
[
∂MS
N
JSPN + 2 (∂MRJSN − ∂NRJSM) ∂XN
]
δ(σ1 − σ2),{
MSJ (σ1), ∂X
M (σ2)
}
= 2KSMJ (σ2)∂δ(σ1 − σ2)− 2∂NKSMJ ∂XNδ(σ1 − σ2),{
NJS(σ1), ∂X
M (σ2)
}
= SMJS(σ2)∂δ(σ1 − σ2)− ∂NSMJS∂XNδ(σ1 − σ2).
Actually, IJ can be expressed in terms of M
S
J and NJS as
IJ =
1
2
(
MKJ PK +NJK∂X
K
)
.
Let us now see how from the above open algebra the closed algebra of the constraints arises.
For the gauge generators In, we have
I0 : M
M
0 = 2
[
gMNPN − T
(
g−1B′
)M
N∂X
N
]
,
N0M = 2T
[(
B′g−1
)
M
NPN + T
(
g −B′g−1B′
)
MN
∂XN
]
;
I1 : M
M
1 = ∂X
M , N1M = PM .
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Inserting these expressions in (17) one obtains
{I0(σ1), I0(σ2)} = (2T )2 [I1(σ1) + I1(σ2)] ∂δ(σ1 − σ2),
{I1(σ1), I1(σ2)} = [I1(σ1) + I1(σ2)] ∂δ(σ1 − σ2),
{I0(σ1), I1(σ2)} = [I0(σ1) + I0(σ2)] ∂δ(σ1 − σ2).
In this way, we reproduced an old result stating that the string constraint algebra in a gravita-
tional and 2-form gauge field background coincides with the one in flat space-time [10].
4 Concluding remarks
In this letter we considered the problem of compatibility of the exact probe string solutions
in curved backgrounds with torsion, with the mixed boundary conditions arising in the open
string - Dp-brane system. We found that there exist solutions of the string equations of motion
and constraints, which also solve these boundary conditions non-trivially, and give the known
result in the constant background fields limit. We put forward the idea that the conditions for
the existence of such solutions can be considered as a set of additional constraints and compute
their Poisson bracket algebra.
The second part of this work will be devoted to the Hamiltonian analysis of the open string D-
brane system in variable external fields in the framework of Batalin-Fradkin-Vilkovisky approach,
including the issue of the appearance of a non-canonical Poisson structure at the string endpoints.
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